In this paper we investigate reachability relations on the vertices of digraphs. If W is a walk in a digraph D, then the height of W is equal to the number of edges traversed in the direction coinciding with their orientation, minus the number of edges traversed opposite to their orientation. Two vertices u, v ∈ V (D) are R a,brelated if there exists a walk of height 0 between u and v such that the height of every subwalk of W , starting at u, is contained in the interval [a, b], where a ia a non-positive integer or a = −∞ and b is a non-negative integer or b = ∞. Of course the relations R a,b are equivalence relations on V (D). Factorising digraphs by R a,∞ and R −∞,b , respectively, we can only obtain a few different digraphs. Depending upon these factor graphs with respect to R −∞,b and R a,∞ it is possible to define five different "basic relation-properties" for R −∞,b and R a,∞ , respectively.
Introduction
In this paper we consider digraphs (i.e. directed graphs) which contain neither loops nor multiple edges. Thus, if D is a digraph, then E(D) In the sequel we say that a ∈ Z ≤0 ∪{−∞} if a is a non-positive integer or a = −∞ and b ∈ Z ≥0 ∪ {∞} if b is a non-negative integer or b = ∞. Let D be a digraph. Furthermore, let a ∈ Z ≤0 ∪ {−∞} and let b ∈ Z ≥0 ∪ {∞}. Denote by R with loops, any such relation with a < 0 or b > 0 is universal.) Furthermore, it is easy to see that R a,b is the equivalence relation generated by R a,0 and R 0,b (i.e. the smallest equivalence relation on V (D) containing R a,0 as well as R 0,b ). Thus, to consider R a,b , it is sometimes sufficient to consider R a := R a,0 and R b := R 0,b .
We emphasize that -motivated by a problem posed in [1] -the reachability relations R a and R b were introduced in [8] . Moreover, it was already shown in [8] that there is a strong connection between properties of R a and R b and various other properties of digraphs. In this paper we study a more general concept of relations, namely the above defined R a,b . We prove basic properties of relations R a,b which are in some cases generalizations of results shown in [8] . Besides that we are mainly interested in structural and algebraic properties of transitive digraphs when a → −∞ and b → +∞ for R a and R b , respectively.
A connected digraph D is a cycle if |V (D)| is finite and either |V (D)| = 1 (in which case E(D) = ∅ and D is a trivial cycle) or every vertex of D has in-degree 1 and out-degree 1. A digraph D is a directed tree if D is a tree, and is a regular directed tree if D is a tree and all vertices of D have the same in-degree and the same out-degree. A regular directed tree D is called a chain if deg
It is easy to see that any connected transitive digraph D with deg − (D) ≤ 1 is either a cycle or a chain or a regular directed tree with in-degree 1 and out-degree > 1. Analogously, any connected transitive digraph D with deg + (D) ≤ 1 is either a cycle or a chain or a regular directed tree with in-degree > 1 and out-degree 1.
It can be proven (see Corollary 2.6 below) that, for any digraph D and for any a ∈ Z ≤0 ∪ {−∞} and b ∈ Z ≥0 ∪ {+∞}, the in-degree of every vertex of D/R a,+∞ is ≤ 1 and the out-degree of every vertex of D/R −∞,b is ≤ 1. Thus (see Corollary 2.7 below), for any connected transitive digraph D, the (connected transitive) digraph D/R a,+∞ is either a cycle or a chain or a regular directed tree with in-degree 1 and out-degree > 1. Moreover (see Proposition 2.1 below), either D/R a,+∞ is a cycle for all a ∈ Z ≤0 ∪ {−∞}, or D/R a,+∞ is a chain for all a ∈ Z ≤0 ∪ {−∞}, or D/R a,+∞ is a regular directed tree with in-degree 1 and out-degree > 1 for all a ∈ Z ≤0 . Analogously (see Corollary 2.7 below), for any connected transitive digraph D, the (connected transitive) digraph D/R −∞,b is either a cycle or a chain or a regular directed tree with in-degree > 1 and out-degree 1. Moreover (see Proposition 2.1 below), either D/R −∞,b is a cycle for all b ∈ Z ≥0 ∪ {+∞}, or D/R −∞,b is a chain for all b ∈ Z ≥0 ∪ {+∞}, or D/R −∞ , b is a regular directed tree with in-degree > 1 and out-degree 1 for all b ∈ Z ≥0 . In particular, we get that, for any connected transitive digraph D, the (connected transitive) digraph D/R −∞,+∞ is either a cycle or a chain.
Furthermore, if D is a digraph and a ∈ Z ≤0 ∪{−∞}, then either R a,k+1 = R a,k for some positive integer k and R a,+∞ = R a,k , or R a,k+1 = R a,k and R a,+∞ = R a,k for any positive integer k (see Proposition 2.5 below). It follows from Corollary 2.4 (see below) that, for a digraph D, the property to satisfy R a,+∞ = R a,k for some positive integer k holds either for all or for none of non-positive integers a, i.e. this property of D is independent of the choice of non-positive integer a. Thus we can formulate this property of D as R +∞ = R k for some positive integer k. It can be shown (see Corollary 2.12 and Proposition 2.10 below) that R −∞ = R −k for some positive integer k in the case D/R −∞ is finite, and, analogously, R +∞ = R k for some positive integer k in the case D/R +∞ is finite. Thus, for any connected transitive digraph D and any ∈ {−, +}, one of the following conditions holds:
1 : R ∞ = R k for some positive integer k and D/R ∞ is a cycle. 2 : R ∞ = R k for some positive integer k and D/R ∞ is a chain. 3 : R ∞ = R k for some positive integer k and D/R ∞ is a regular directed tree with in-degree > 1 and out-degree 1 in the case = − and with in-degree 1 and out-degree > 1 in the case = +. 4 : R ∞ = R k for any positive integer k and D/R ∞ is a chain. 5 : R ∞ = R k for every positive integer k and D/R ∞ is a regular directed tree with in-degree > 1 and out-degree 1 in the case = − and with in-degree 1 and out-degree > 1 in the case = +.
It is quite natural to ask which pairs (i − , j + ), 1 ≤ i, j ≤ 5, of these properties can occur simultaneously for locally finite connected transitive digraphs D? In this paper we proof the following Table Theorem 
We also investigate the same question for digraphs D from natural subclasses of the class of locally finite connected transitive digraphs. In Section 4 we consider the following subclasses: Cayley digraphs of finitely generated groups, the class of locally finite connected transitive digraphs with infinitely many ends, locally finite connected transitive digraphs containing certain directed subtrees, and locally finite connected highly arc transitive digraphs. 
General properties of reachability relations
In this section we present some general facts on reachability relations on digraphs, which are used (often implicitly) in the sequel. To do that we need some additional definitions: A walk of a digraph is closed if its initial vertex and its terminal vertex coincide. For a walk W = (v 0 , e 
Note that, for any a ∈ Z ≤0 ∪ {−∞} and any b ∈ Z ≥0 ∪ {+∞}, the reachability relation R D a,b coincides with the reachability relation R
In the sequel we present some basic properties of reachability relations in digraphs. Proposition 2.1 follows immediately from the above definitions. is an equivalence class with respect to R D a+a ,b+b . Proof. To prove (1) note first that S a is contained in R a,0 . On the other hand, assume that uR a,0 v and u = v. Then, by definition, there exists a walk W = (u = v 0 , e 1 1 , v 1 , . . . , v n−1 , e n n , v n = v) in D such that, for any 0 ≤ j ≤ n, the height of the (0, j)-subwalk W 0,j of W is non-positive and not smaller than a. Since the out-degree of every vertex of D is ≥ 1, for each j, 0 ≤ j ≤ n, either ht(W 0,j ) = 0 (in this case we define
, where e j,1 , . . . , e j,−ht(W 0,j ) ∈ E(D) (in this case we set w j := v j,−ht(W 0,j ) ). Now w i S a w i+1 for every i, 0 ≤ i ≤ n − 1, since −ht(W 0,j ) < −a. Since w 0 = v 0 = u and w n = v n = v, it follows that u and v are equivalent with respect to the minimal equivalence relation on V (D) containing S a . Thus assertion (1) holds. Assertion (2) can be shown analogously. Since R a,b is the minimal equivalence relation on V (D) containing R a,0 and R 0,b , assertion (3) immediately follows from (1) and (2).
Corollary 2.4. Let D be a digraph and let a ∈ Z ≤0 ∪ {−∞}, b ∈ Z ≥0 ∪ {+∞}. Then the following assertions hold.
(1) If the in-degree of every vertex of D is ≥ 1 and R a,k = R a,+∞ for some non-negative integer k, then R 0,k−a = R 0,+∞ . Proof. We prove assertion (2) . Then assertion (1) obviously holds, since it is equivalent to assertion (2) 
Then, by the definition of S −∞ , for some positive integer n there exist walks U = (u = u 0 , e (1) Conditions (1a) − (1c) are equivalent: Proof. We only prove assertion (1), since assertions (2) and (3) can be proved analogously. Obviously, (1c) implies (1b) while (1b) implies (1a). Suppose that (1a) holds. Then, setting (a, b) = (−1, 0) and (a , b ) = (0, 0) in Proposition 2.1(1), we obtain that
. This implies that the out-degree of every vertex of the digraph D/R a,b is ≤ 1. Thus (1a) implies (1c) and (1) holds. (1) D/R −∞,b is one of the following graphs: a cycle, a chain or a regular directed tree with in-degree > 1 and out-degree 1.
(2) D/R a,+∞ is one of the following graphs: a cycle, a chain or a regular directed tree with in-degree 1 and out-degree > 1.
(3) D/R −∞,+∞ is either a cycle or a chain.
The next result gives a simple condition under which D/R −∞,+∞ is a cycle. Assume that there exists an integer i, 0 ≤ i ≤ l(U ), with ht(U 0,i ) < a. Then we can write U = U U U where l(U ) < i < l(U U ), ht(U ) = a = ht(U U ) and ht(U 0,j ) < a for all j, l(U ) < j < l(U U ). Let x be the initial vertex of the walk U , and x be the terminal vertex of the walk U . Since D is a transitive digraph and E(D) 
Then ht(Ũ ) = 0 and |H(Ũ )| < |H(U )|. Thus, by our induction hypothesis, the initial vertex of U (which coincides with the initial vertex ofŨ ) and the terminal vertex of U (which coincides with the terminal vertex ofŨ ) are R a,b -equivalent.
We say that a connected digraph D has property Z if there exists a homomorphism of D onto a chain, i.e. a mapping χ of V (D) onto the set Z of integers such that χ(v) = χ(u)+1 for any (u, v) ∈ E(D). Note that, if the digraph D with property Z admits a vertextransitive group of automorphisms G, then χ induces a natural homomorphism from G onto Z.
The next result is more or less obvious and we present it without proof (see also [8] ). The following result immediately follows from Proposition 2.2.
Proposition 2.11. Let D be a connected transitive digraph. Then the following conditions are equivalent.
(1) For some a ∈ Z ≤0 ∪ {−∞} and some b ∈ Z ≥0 ∪ {+∞} the digraph D/R a,b has property Z.
(2) For any a ∈ Z ≤0 ∪{−∞} and any b ∈ Z ≥0 ∪{+∞} the digraph D/R a,b has property Z.
Corollary 2.12. Let D be a connected transitive digraph and let a ∈ Z ≤0 ∪ {−∞}, b ∈ Z ≥0 ∪ {+∞}. Then the following assertions are equivalent:
(1) D/R −∞,b is infinite (by Corollary 2.7 this means that D/R −∞,b is either a chain or a regular directed tree with in-degree > 1 and out-degree 1).
(2) D/R a,+∞ is infinite (by Corollary 2.7 this means that D/R a,+∞ is either a chain or a regular directed tree with in-degree 1 and out-degree > 1).
(3) D/R −∞,+∞ is infinite (by Corollary 2.7 it means that D/R −∞,+∞ is a chain). Proof. We only prove assertion (2) since (1) It is easy to see that any transitive digraph with infinite out-degree contains a regular tree with in-degree 1 and out-degree 2. Thus without loss of generality we can assume that deg + (D) is finite. Now arguments used in the proof of Theorem 4.2 in [12] or in the proof of Theorem 4.12 in [8] can be easily adapted to prove that D contains a regular tree with in-degree 1 and out-degree 2.
For the convenience of the reader we roughly outline the arguments of the proof in [8] ) : t ≥ 1 and s ∈ { , } for each s, 1 ≤ s ≤ t + 1}. The subgraph T u is a directed subtree of D such that the in-degree of every vertex of T u different from u is 1 (the in-degree of u in T u is 0) and the out-degree of every vertex of T u is 2. Since D is a transitive digraph, the result follows. 
transitive and 2
− is satisfied, there are walks U = (u = u 0 , e 1 , u 1 , ..., e k , u k ) and R −∞,0 (x) = ∪ k≥0 R −k,0 (x) that S +1 (x) ⊆ R a,0 (x) for some non-positive integer a. Since D is transitive, we conclude that S +1 ⊆ R a,0 . Now assertion (2) of Proposition 2.3 implies that R 0,1 ⊆ R a,0 . Hence R a,1 ⊆ R a,0 (assertion (2) of 2.1). Assertion (2) of Proposition 2.5 implies that R a,0 = R a,+∞ . But then assertion (1) of Corollary 2.4 implies that R 0,−a = R 0,+∞ , a contradiction. (5 − , 5 + ): Any regular directed tree with in-degree > 1 and out-degree > 1 has both properties.
Reachability relations in various classes of digraphs
Considering Theorem 1.1 it is quite natural to investigate the question which pairs of properties i − , j + can occur simultaneously in digraphs from important subclasses of the class of locally finite connected transitive digraphs. In this Section we consider the following subclasses: the class of locally finite Cayley digraphs of groups, locally finite connected transitive digraphs with one with two or with infinitely many ends, locally finite connected transitive digraphs containing certain directed subtrees, and locally finite connected highly arc transitive digraphs.
Let G be a group generated by M ⊆ G and 1 ∈ M . Recall that the Cayley digraph of G with respect to M is the digraph
for some group G and some generating set M with 1 ∈ M of G.
To investigate locally finite Cayley digraphs we need the following result. Proof. We first show that the (3 − , 4 + )-entry of the table is Y . Let d be a positive integer, and 
for each non-negative integer i. Two rays R and Q in a digraph D are called equivalent if, in the underlying graph D, there are infinitely many pairwise disjoint finite paths connecting vertices in P to vertices in Q. The equivalence classes of all rays of a digraph D with respect to this relation are called ends of D. The concept of ends can be defined in several different ways; this definition is due to Halin [4] . It follows from results in [3] , [5] that a transitive, connected, infinite digraph has one, two or infinitely many ends. 
It is obvious that, in the case the out-degree of every vertex of D is ≥ 1 and the in-degree of every vertex of D is ≥ 1, for each ( [8] , any digraph with infinitely many ends and property Z has the property that at least one of the conditions R −∞,0 = R a,0 for all negative integers a, or R 0,+∞ = R 0,b for all positive integers b is satisfied. Hence 2 − and 2 + cannot occur simultaneously.
To formulate our next result we define: A digraph D is of type T − if it contains a regular directed tree with in-degree > 1 but does not contain a regular directed tree with out-degree > 1; it is of type T + if it contains a regular directed tree with out-degree > 1 but does not contain a regular directed tree with in-degree > 1. D is of type T ± if it contains a regular directed tree with in-degree > 1 as well as a regular directed tree with out-degree > 1. It is of type NT if it neither contains a regular directed tree with in-degree > 1 nor a regular directed tree with out-degree > 1. Proof. Obviously, any cycle is of type N T and has properties 1 − and 1 + . Let T m,n denote the regular directed tree with in-degree m and out-degree n, with m, n ≥ 1. Let T To complete the proof of assertion (2) of Theorem 4.4, note that any regular directed tree with in-degree > 1 and out-degree 1 is of type T − and has properties 3 − and 4 + . Furthermore, the assertion (2) of Proposition 2.14 implies that every connected transitive digraph satisfying property 4 − or property 5 − contains a regular tree with in-degree 1 and out-degree 2. In particular, digraphs of type T − neither have property 4 − nor property 
